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Abstract. We give coordinate formula and geometric description of the curva- 
ture of the tensor product connection of linear connections on vector bundles with 
the same base manifold. We define the covariant differential of geometric fields of 
certain types with respect to a pair of a linear connection on a vector bundle and 
a linear symmetric connection on the base manifold. We prove the generalized 
Bianchi identity for linear connections and we prove that the antisymmetrization 
of the second order covariant differential is expressed via the curvature tensors of 
both connections. 

Introduction 

In the theory of hnear symmetric (classical) connections on a manifold there are 
many very well known identities of the curvature tensor (see for instance ^ 1^). 
Some of these identities can be generalized for any linear connection on a vector 
bundle. 

In this paper we give the coordinate formula for the curvature of the tensor product 
connection K ®K' oi two linear connections K or K' on vector bundles E —>■ M or 
E' — >■ Ai", respectively, and we give also the geometric description of this curvature. 
We prove that the curvature oi K ® K' is determined by the curvatures of K and 
K'. 

The above results are used in the case if one of linear connections is a classical 
(linear and symmetric) connection on the base manifold. We introduce the covari- 
ant differential of sections of tensor products (over the base manifold) of a vector 
bundle, its dual vector bundle, the tangent and the cotangent bundles of the base 
manifold. We prove that such (first order) covariant differential of the curvature 
tensor of a linear connection satisfies the generalized Bianchi identity and that the 
antisymmetrization of the second order covariant differential is expressed through 
the curvatures of linear and classical connections. 

All manifolds and maps are supposed to be smooth. 

1. Linear connections on vector bundles 

Let p : E —>■ M be a vector bundle. Local linear fiber coordinate charts on E 
will be denoted by (x^, y*). The corresponding base of local sections of E or E* will 
be denoted by bj or b*, respectively. 
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Definition 1.1. We define a linear connection on to be a linear splitting 

K:E^J^E. □ 

Proposition 1.2. Considering the contact morphism J^E T*M ®TE over the 
identity ofTM, a linear connection can be regarded as a TE-valued 1-form 

K : E^ T*M(g)TE 

projecting on the identity ofTM. 

The coordinate expression of a linear connection K is of the form 

K = d^®{dx + K/x di) , with K/x G C°°(M, R) . □ 

Definition 1.3. The covariant differential of a section $ : M E with respect to 
K is defined to be 

= j^^ - K : M ^ E ®T*M . □ 

M 

Remark 1.4. From the affine structure of tTq : J^E ^ E we obtain that the 
difference — K o ^ lies in the associated vector bundle VE ® T*M. From 
VE = E X E we get the above Definition 11.31 □ 

M 

Let $ = 0*bi, then we have the coordinate expression 

= (9a0' - K/x<P') b,; ® . 

Definition 1.5. The curvature of a linear connection K on E turns out to be the 
vertical valued 2-form 

R[K] = -[K,K]: E ^VE® A^T*M , 

where [, ] is the Froelicher-Nijenhuis bracket. □ 

The coordinate expression is 

R[K]=R[K]/x^.y'di(g)d^Ad'' 

= -2{dxK,\ + K/xKp\) 9, ® rf^ A 

i.e. the coefficients of the curvature are 

R[K]/xf. = d,K/x - dxK,\ + K^^K^x - K/xKp\ . 

If we consider the identification VE = E x E and linearity of R[K], the curvature 

M 

R[K] can be considered as a tensor field (the curvature tensor field) R[K] : M —>■ 
E* ®E® A^T*M . 

Theorem 1.6. We have the generalized Bianchi identity 

[K,R[K]] = 0. 

Proof. It follows from the graded Jacobi identity for the Froelicher-Nijenhuis 
bracket. QED 

We have, 0, 
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Proposition 1.7. Let K be a linear connection on E. Then, there is a unique 
linear connection K* : E* J^E* on the dual vector bundle E* M such that 
the following diagram commutes 

Ex E* MxM 



M 

KxK* 



Oxid 



J^E X J^E* T*M X R 

M 

Its coordinate expression is 

K* =d^® {dx - Ki\ d') , with Ki^ x G C°°(M, R) , 
where {x^,yi) are the induced linear fiber coordinates on E* and = d/dyi. □ 
Definition 1.8. The connection K* is said to be the dual connection of K. □ 
Proposition 1.9. We have R[K*] : M E E* ® A^T*M and 

M M 

2. Tensor product linear connections 

Let p' : E' ^ M be another vector bundle. Local linear fiber coordinate charts 
on E' will be denoted by [x^^ z""). The corresponding base of local sections of E' or 
E'* will be denoted by or b"*, respectively. 

Consider a linear connection K' on E' with coordinate expression 
K' = d^® {dx + K\ da) , with Kl\ eC^{M,lR). 

Let us consider the tensor product E ® E' ^ M with the induced fiber linear 

M 

coordinate chart We have, 0], 

Proposition 2.1. Let K be a linear connection on E and K' be a linear connection 
on E' . Then, there is a unique linear connection K ® K' : E ® E' ^ J^iE ® E') 

M M 

such that the following diagram commutes 

E X E' E®E' 

M M 



KxK' 



J'E X J'E' J\E ® E') 

M M 

Its coordinate expression is 

K®K' = d^®{dx + {K/xw'" + Kl\w'')dia) • □ 

Definition 2.2. The connection K ^ K' is said to be the tensor product connection 
ofKandK'. □ 

Remark 2.3. We remark that this concept was introduced in another way in P], 
p. 38L □ 
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The tensor product connection is linear, so we can define its tensor product con- 
nection with another hnear connection and we have by iteration 



Proposition 2.4. A linear connection K on E and a linear connection K' on E' 



induce the linear tensor product connection K^^K'l := & K ®& K* ^^"^ K' K'* 



on &E eg) ^'^E* ® ^"^E (g) ®^E * with coordinate expression 

M M M 

Ki®K': = d'®[d, + {K^\w^:^:C + ■■■ + ^^''a<;;J^:5-'^^ 

k ii...ipai...ar T<" ^ ii...ipa\...ar 

^jl ^'^kj2...jgbl...b, ^jq ^'^jl...jg-lkbl...bs 

T^l c ii...ipai...ar t^i c h...ipai...ar \ nji...jqb\...bs 

^ bi ^'^ji...jqcb2...bs ^ f>s X'UJj^,„jgb^,„b,_ic) ^ii...ipai...ar 

where (x^,wl^"'yi^ are the induced linear fiber coordinates on &E (g) &E* eg) 
&E' ® &E'\ □ 

M 

The curvature of the linear tensor product connection K ® K' on E ® E' turns 

M 

out to be the vertical valued 2-form 

R[K ®K'] = -[K® K', K®K']:E®E'^ V{E ® E') ® A'^T*M . 

M M 

Theorem 2.5. The coordinate expression of R[K ® K'] is 

R[K ® K'] = R[K ® K'y\f, w^^ dia ® A d^" 

= {R[K]/x^ w''' + R[K%\^ w^) d,a ® A # , 

i.e. the coefficients of the curvature R[K ® K'] are 

R[K ® K'y\^. = R[K],\^,6t + R[K']b\^6i . 

Proof. This can be proved in coordinates. QED 

Theorem 12 .51 implies that the curvature R[K®K'] is determined by the curvatures 
R[K] and R[K']. Now, we would like to find the geometric description of the curva- 
ture R[K ® K'\. First we note that the curvatures of the above linear connections 
can be considered as bilinear morphisms, over 
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R[K] -.E X E* ^ A^T*M , 

M 

R[K'] : E' X E'* A'^T*M 



M 



R[K ® K'] : {E ® E') x {E ® E')* A^T*M . 

M M M 



Then we have 



ON THE CURVATURE OF TENSOR PRODUCT CONNECTIONS 5 

Theorem 2.6. The curvature R[K ® K'] is a unique bilinear morphism such that 
the following diagram commutes 



M M M 



id 



(E ® E') X (E* ® E'*) _5[£^ A^T*M 

M M M 

where (, ) or (, )' are the evaluation morphisms on E or E' , respectively. 

Proof. Let us assume a bilinear morphism R : (E E') x (E® E'Y A^T*M 

M M M 

and let us put e = (e*) G E^, e* = (d) G El, e' = (e'") G E'^ and e'* = {e'^) G E'^*. 
Then 

(e', e'*) R[K]{e, e*) = e"'e'^R[K]j\^e^ a Ad", 

(e, e*) R[K']{e\ e'*) = e,R[Ky x^.e"' e', d^ A d>' , 

R{e ® e', e* ® e'*) = Rjb'\t,e^e"'eie'^ d^ A d^" 

audit is easy to see that R{e®e' ,e* ®e'*) = {e',e'*) R[K]{e,e*) + {e,e*) R[K']{e',e'*) 
if and only if 

Now, Theorem 12.61 follows from Theorem 12.51 QED 

Proposition 2.7. The curvature R[Kp (g) K'l] := -[Rp ® K'l, Rp (g) K'l] is deter- 
mined by the curvatures R[K] and R[K']. We have the coordinate expression 

R[KP ® K'l] = (^R[K],^\, ^:!:;;cr + ■ ■ ■ + rW'>^. 

- mk'x,wtX".Z.M. 

+ i?[i^'].-A,<:j^r.:r + ■ ■ ■ + mV'x,K::XI^::Z-" 

- m%^x,y^::XX:X ^[^^/A,<:j:::t.,,) 

w/iere we have put bj^..^^ = bj^ (g) . . . (g) bj^^, b-''!----'" = (g . . . (g V", ba....^^ = 
b„, (g . . . (g b„,,, b^i-''^ = b^i ® . . . ® b^^ 

Proof. This follows from the definition of the curvature, Proposition II. 91 and the 
iteration of Theorem 12.51 □ 



3. Classical connections 

Let M be an m-dimensional manifold. Local coordinate charts on M will be 
denoted by (x^), A = 1, . . . , m, the induced coordinate charts on TM or T*M will 
be denoted by (x'^, x^) or {x^, xx) and the induced local bases of sections of TM or 
T*M are denoted by {d\) or (rf'^), respectively. 
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A classical connection on M is defined to be a linear symmetric connection on 
Pm '■ TM M with coordinate expression 

T = d^®{dx + r/A d^) , r/, G c°°(M, iR), r/, = . 

Remark 3.1. Let us recall the 1st and the 2nd Bianchi identities of classical con- 
nections expressed in coordinates by 

respectively, where ; denotes the covariant differential with respect to F. □ 

Let us denote by E^'l := O &E* ® &TM » ®'T*M. Then, as a direct 

TT^-r, MM M 

consequence of Proposition 12 .4^ we have 

Proposition 3.2. A classical connection T on M and a linear connection K on E 
induce the linear tensor product connection ^ Tl := &K ® &K* ® (^T ® ®^T* 
on EZ 



qlll...fj.s 



with coordinate expression 

Ki®T: = d'^®{d. + {K,^\ y;^:Z^.:t + ■■■ + 

T/' k i\...ip\\...Xr ^ 1 *l---*P-^l--^r 

^jl '^ykj2...jqtJ.l--f^s -'^i'J '^yjl...jq-lkfMl...^is 

_l_ "P Ai ii...ipp\2--X- _|_ _|_ -p Ar il—ip\\-.\r-lP 

"tJ-p y yj^...jqii^...fj., rip V yj^...jq^_i^...^, 

>- Pl y yj^...jqpp2...ps ■'-Ms y yjl...jqpi...ps^ip) il...ipXl...>^r 

where (a;'^, 'y!!'"?^/'"^^) ore the induced linear fiber coordinates on E^'l. □ 

As a direct consequence of Proposition 12.71 we have 

Proposition 3.3. The curvature R[KJ^ ® P'^'] is determined by the curvatures R[K] 
and R[T]. We have the coordinate expression 

mi ® n = {r[kv\..2 y;:':Z^t + ■■■ + mv^..^ y^::Xi^'p:'' 

— T?\K] ■ ^ ii...jpAi...A,. _____ pri^l . k ii...ipXi...Xr 

-n.[XVJjj UIU2 ykj2...jqPl...Ps -^K^Jjq l'l'^2 yj^...jq_^kpi...p^ 

-L- h...ipp\2...\r I I prpl Ar il...ip\l...\r-ip 

-T riyi \p yji...j,^i...^s "T "T Jp l'll'2 yji...jgpi...ps 

— Rfrl P h-ip\i-K _____ prpi p n...ipAi...A,, \ 

-"-[J-JPI ^1^2 yn...jqPP2...Ps ^Y^\Ps '^l'^2 yjl...jqPl...ps-lP j 

K...ip ® b^'-^'^ ® 5ai...a, ® f^^'-''' ® c^''' A rf'^^ , 
where we have put \}i^...ip = b^-^ (g) . . . (g) bj^^, Vi---^'^ = V'^ (g) . . . (g) V-?, (9ai...a, = 
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4. COVARIANT DIFFERENTIALS 

Let us note that the tensor product connection (g) can be considered as a 
hnear sphtting 

Definition 4.1. Let $ G C°°{Eg'l). We define the covariant differential of ^ with 
respect to a pair of connections {K, F) as a section of E^'l (g) T*M defined by 

Remark 4.2. The covariant differential ^^^'^^^ is in fact the standard covariant 
differential (see Definition 0|l V^«^®^^$. □ 

Proposition 4.3. Let $ G C^iE^l), $ = (l)^:']:^:';^---^ ® ® 9x,...Xr ® 

r/ien we /iat^e the coordinate expression 



, ii...jpAi...Ar ii <ki2...ipXi...Xr 



O ,ll...lpAl...Ar _ 7>- il iKl2---«pAl...A,. _ _ IT 

^ K ^ ,ii...ipAi...Ar I I I^- A; ,ii...ipAi...A^ 

p Ai / ii...ippA2...A,. p Ar J ji...ipAi...Ar-ip 

J- P ■ ■ • - J- p 9ji...jgij.i...fi, 

p p , ii...jpAi...A,. _|_ P P I ii...ipAi...A,. 

J- PI V^ji...i9PP2.-Ps ^ ^ Ms !^ rji...j>i...|t,_ip 

Proof. The proof follows immediately from Definition 14.11 and the coordinate 
expression (see Proposition 13. 2^ of the connection F^. QED 

In what follows we set V = V^^'^) and ^'V'^tVt-. = V.^JVttV't- 

Remark 4.4. If p = g = the field $ is a standard (r, s)-tensor field on M and 
V$ coincides with the standard covariant differential with respect to the classical 
connection F. □ 

Corollary 4.5. We have 

= {d,R[K]f^^ - Kp\ R[K],\^ + Kf, R[K]p\^ 

+ F/a R[K]/p^ + F/^ R[K]/xp) V ® ® rf^ A d'^ ® d^ □ 

The generalized Bianchi identity can be expressed by covariant differentials as 
follows. 

Theorem 4.6. (The generalized Bianchi identity) We have 

R[K]/x^.;u + R[K]f^.;X + ^[^]/.A;p = . 

Proof. This can be proved easily in coordinates by using CoroUarv 14.51 QED 
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Theorem 4.7. Let $ G C°°{EP'1). Then we have 

Alt = R[TP ® ir;] o $ e C^iEPfs ® A^T*M) , 

where Alt zs ^/ie antisymmetrization. 

Proof. This can be proved in coordinates by using Proposition 13.31 and Propo- 
sition |01 QED 

Example 4.8. Let $ G C°°(^;), $ = Then 

Ah = -]^R\K] o^:M^E® A^T*M , 
i.e. in coordinates 

A\tV'^<^ = -^R[K]j\^(j)^'bi®d^ Ad^" . □ 

Example 4.9. We have 

Ah V'^R[K] : M ^ E*^E0 A^T*M ® A^T*M , 
expressed in coordinates by 

Ah V'R[K] = {R[K]p\,,, R[K]fx^ - R[K]/u,u, R[Kl\^ 
-R[T] 

W ®\),®d^ Ad^ ® d""' Ad"'. □ 
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